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Influence of form errors in plane surfaces assemblies
J. Grandjean
(a)
(b)

(a)

, Y. Ledoux

(b)

, S. Samper

(a)

SYMME, Polytech'Savoie, BP 80439, 74944 ANNECY LE VIEUX Cedex, FRANCE
Université de Bordeaux, I2M UMR 5295, Esplanade des Arts et Métier, 33400 TALENCE, FRANCE

Article Information
Keywords:
3D assembly,
Form errors,
Modal analysis,
Positioning force,
Non conformity rate.

Abstract
In tolerancing activity, surfaces are usually considered without any defects (i.e. no waviness
and no rugosity). Consequently, only size and position defects of surfaces are taken into
account. The focus of this paper is to show the importance of these surface defects on
assembly; it is highlighted that even if the real surface respects the geometrical
specifications, it is possible to have a non-conform assembly. The developed method is
applied on an assembly which uses two carters composed in parallel of a ball and cylinder
pair and of a planar pair.
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1

Introduction

The design of manufactured products requires special
attention when defining the geometric quality of the
different parts of the product. Indeed, this geometric
quality is closely related to the expected technical
performance of the product and to the production costs of
every part. It is based on geometric specifications
resulting from conditions on the characteristics of shape,
orientation, position and size. The product performance
directly depends on the quality of each part. These
specification transfers are linked to the geometric product
specification.
During this phase, the designers base their approach on
strong hypotheses like no form defects on the part and all
surfaces supposed to be infinitely rigid.
In many applications, if surface defects are not taken into
account, it could lead to a particular assembly which
respects all geometrical specifications but does not
respect the global requirement, due to interactions with
other parts.
This paper proposes to focus on surface defects of
mechanical links between two carters (2 and 3)
composed of a ball and cylinder pair and of a planar pair
(see Fig. 1). This type of mechanical link is commonly
used for pump bodies, turbo shaft engine carter...
In such mechanism, it is crucial to precisely position the
part 2 and then the point A compare to the part 3 and its
point E. These two points will ensure the good position of
a rotor 1 in the carter.
We have studied a particular feature of part 2 located in C
joint. The geometrical specifications according to ISO
standards 8015 to be respected are detailed in Fig. 2.
Using the technical drawings of this part, all the possible
extreme configurations are determined by a deviation
domain (c.f. Fig. 4). This approach corresponds to a

classical tri-dimensional calculation based on the worst
case hypothesis. For this calculation, it is assumed that
there are no form errors on parts. This point is detailed in
section 2.
In section three, form errors are introduced. For this case,
it is necessary to generate a base of particular defects.
These defects are defined by a modal decomposition of
the initial surface. Then, a configuration of defects is
randomly formed in the modal basis.
In section four, we propose to quantify the non-conformity
rate of no respect of the geometrical requirement through
a stochastic simulation. This solving is based on the
previous two approaches, considering both cases (with or
without surface defects). Then we estimate the noconformity rate of the assembly in regard to the tested
defect types.
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Fig. 1 Simplified representation of the mechanism.
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Fig. 2 Detail of the geometrical specifications of the part 2.
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Functional requirement

We have delimited the domain corresponding to the
geometrical specification imposed by the designer. This
domain defines all the extreme positions of the surface
C2 (surface C belonging to part 2, Fig. 2) related to the
geometrical specification (location). These calculations
are derived from the previous works of [1, 2, 3, 4].
To do so, let us consider a point Pi of the C2 planar
surface. To respect the location specification, all Pi points
must remain within two parallel plans, a distance t
(tolerance) a part and centered on the nominal value L
from the reference A (see Fig. 2). In this study the value
of t corresponds to 80 mm and the inner and outer radii of
the carter are 90mm and 120mm.

L
t
O

z

x
y

This relation determines the extreme possible value of
every geometrical parameters Rx, Ry and Tz
corresponding to the small displacement of the surface
C2. The geometrical representation of this domain is
displayed in Fig. 4.

3

Introduction of surface defects

The process (e.g. lathe) used to machine the functional
surfaces C of part 2 (Fig. 2) leads to the development of
superimposed defects ranging from the material grain
scale (roughness) to the scale of the surface itself (form
error).
Taking into account such defects is not a usual
approach in tolerancing calculation. The simplest
approach consist in characterizing the deviation from the
ideal surface (a plane in our case) by a unique scalar
value t representing the maximum amplitude of defects,
as shown in Fig. 5 [5]. The alternative would be to
discretize the surface using a set of points (dotted line in
Fig. 5), the parameters being their associated
coordinates. This last approach leads to drive tremendous
number of parameters. An intermediate approach has to
be found to take into consideration surface defects with a
minimal number of parameters.

pi
Fig. 3 Simplified representation of the geometrical
specification of the C2 annular flat surface

t

The allowed displacements of Pi are thus defined by the
eq. 1.
dpi . z≤ t
(1)
Where dpi corresponds to the small displacement of pi.
The pi coordinate is defined by:
pi = (cos(q)*D/2, sin(q)*D/2, D)
Where, D/2 is the external diameter of part 2.

(2)

Thus, all of the allowed displacements of pi expressed
in point O are determined according to eq. 2.
(3)
d pi = do + opi x r
With r corresponding to rotations of C2 planar surface
along x and y axes; do is the translation component of the
small displacement of C2 :(Tx, Ty, Tz). Then,
d pi .z = Tz + cos(q)*D/2. Ry - sin(q)*D/2. Rx
(4)
According to eq.1, the geometrical specification could
be expressed by:
Tz + cos(q)*D/2 . Ry - sin(q)*D/2 . Rx ≤ t
(5)
Such as q Î [0, 2p]

Rx
-3
(10 rad)

Tz
(mm)

Ry
-3
(10 rad)

Fig. 4 Representation of all possible displacements of the
surface C2.
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Fig. 5 Geometric parameters [6]

Several approaches can be considered like polynomials
including Lagrangian interpolations, Bezier splines and
surfaces [7] that are often used in Computer Aided
Design. This class is usually well fitted for particular types
of surface; to be applied whatever the surface is, it is
necessary to split it into sub-surfaces. Another important
class of methods based on periodic decomposition is also
widely used. These methods could be based on Fourier
series like the discrete cosine transform used for stamping
process [8], Zernike polynomials [9] used on disk shaped
surfaces in optics, Fourier and Chebyshev polynomials
used on cylindrical turned surfaces [10].
The Modal Discrete Decomposition (MDD) is another way
to model the surface defects with few parameters. This
last approach has been chosen for the present work to
generate surface defects.

3.1
Definition
of
Decomposition (MDD)

the

Modal

Discrete

The MDD is based on the vibration theory of discrete
mechanical structures. Every eigen vibration modes
defines a particular geometry and these modes are used
as parameters defining the surface [11, 12].
To generate form error and waviness using the modal
decomposition, the eigenmodes of the annular flat surface
must be determined first. They are obtained based on the
solution of the dynamic conservative equilibrium given by
the equation

M×

¶ 2u
+ K ×u = 0
¶t 2

(6)

where M and K are the mass and stiffness matrices and u
is the displacement vector.
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The solution of eq. 6 provides a linear system which
solutions are the eigenmodes Qi corresponding to the
pulsation wi.

æ -1
1 ö
çM ×K I ÷ × Qi = 0
ç
wi2 ÷ø
è

(7)

where Iis the identity matrix.
Solving eq. 7, taking into account the free boundary
conditions of the annular flat surface, leads to find:
·
The three first modes Q1 to Q3, corresponding to
rigid body modes (rigid displacement of the
surface)
·
The other modes Qi (i = 4,n), corresponding to
the vibration modes of the surfaces.
Each eigenvector is normalized according to the infinity
norm so that

Qi

¥

that, it is supposed a particular boundary condition such
as a vertical load (ie. along z axis) is applied
corresponding to the different screws and nuts used to
assembly the carter (see Fig. 8).
All defects are supposed to be hold by one of the two
surfaces, the other one being perfectly flat. In a real
contact, this hypothesis can be satisfied while making use
of the surface-sum concept [13]. So we first create a
virtual surface which is the sum of the two surfaces
defects C2 and C3 reported on C2. That assumes that C3
became perfect. This surface is shown in Fig. 8. For each
generated surface, we compute the convex hull of the
surface. The solving of the intersection of the matting
force whit this convex hull gives the matting facet thus the
contact configuration.
Vertical load

=1.

100
50

Fig. 6 illustrates the six first modes obtained with this
approach.
Q1

Q4

Q2

Q5

y (mm)

Q6

V = Q×m
(8)
Q is a N x n matrix of eigenmodes Qi and m is the
vector of modal coefficients m i(i=1,n).
Since Qiare unit vectors, a metrics can be attributed to
m i. Fig. 7illustrates the surface defect generation.

V

Fig. 7 Illustration of the surface defect generation

Assembly case

As we have detailed above how to create a theoretical
surface having form errors, we present here the method
that allows to assess the assembly of the two imperfect
surfaces C2 onto C3 (surface C belonging to part 3).For
June 15th – 17th, 2011, Venice, Italy
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As shown in Fig. 8, we identify the facet (triangle) of
contact that is selected by the force for positioning the
carter. After this, the surface is rotated with the angle
calculated to find support on 3 points.
Then we determine the small displacements torsor (one
translation along z axis -Tz- and two rotations about x and
y axis -Rx,Ry-) corresponding to the normal direction
(vector) of this facet. We calculate this position of the
surface without deformations (least-squares plane). Thus,
the resulting torsor can be used for the test specification.

From now on, the annular surface is generated with a
radius r ranging from 90 to 120mm. It is discretized with
9800 shell elements composed of four nodes (with
N=NrxNq, Nr=71, Nq =140). All elements have three
degrees of freedom (two rotations and one translation).
Based on the eigenmodes Qi (i=1,n), the annular
surface, V, includes the surface defects (i.e. form errors,
waviness and rougthness). All surfaces are defined by a
composition of modes computed through eq. 8.

3.3

-100

Fig.8 Convex hull surface with contact face in red

Generation of the defect surfaces

mi.Qi

0

-50

Q3

Fig. 6 The six first natural modal shapes of the surface

m1.Q1

100
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3.2

matting facet

4.1

Tolerancing analysis

Position and orientation models

We assume that all bodies are rigid. We use a model
based on the Small Displacement Torsor (SDT) that
allows computing assemblies. The skin model is reduced
to its associated surfaces [14]. A frame is attached to
each surface. Their possible deviations are position and
orientation. In order to model those two types of
deviations, we can use a kinematic based model defining
displacements parameters. Bourdet and Clement [3]
defined the Small Displacement Torsor (i.e. 6 components
of translation and rotations of frames) that provides a
unified model based on positions and orientations of
frames (of associated surfaces). The SDT model allows
calculating deviations without taking into account the
observation frame (for example the “global frame” in Fig.
9). We can make simple operations on SDT (addition,
transportation…). The model of SDT domains of Giordano
[15] is based on the duality of contact conditions and SDT
components inequalities. It builds a mathematical
representation of those inequalities from a convex hull in a
space of 6 dimensions (or less, as for the cases of planar
or axisymmetric mechanisms with 3D domains). Each
(position or orientation) specification or functional
requirement can be expressed as a domain in this space.
The Functional Requirement (FR) verifications consist in
checking that the resulting SDT of all the involved
deviations are within the FR domain (inclusion test in a 6D
space).
We will suppose that only the two contact surfaces
have geometric deviations. All other surfaces are
considered perfect, but their deviations could be taken
into account using a stack up assembly method [16]. We
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add all errors on one surface while the other will have no
form errors. Then we can study the influence of form
errors on the assembly by using an equivalent error
surface on only one side of the contact (Fig. 9).
First, to simplify the approach, we consider that Ry is
equal to zero. As a consequence, the space of admissible
displacements is reduced to Exy(Tz, Rx) that is the Error
SDT of the y frame from the x frame in the reduced space
(Tz, Rx) of displacements. Before switching to a 3D
assembly in 4.2, Fig. 9 shows the coincidence of the
curves in the (x, z) plane where we study the contact of
two parts (1 and 2) linked by a joint A.

specified in the space of small displacements (Fig. 11).
Since we work in a space of 3 parameters, it results a 3D
domain (Tz, Rx, Ry).Each torsor is a 3D point and it is
possible to analyze a batch of assemblies which will be
shown in the following section.

4.2
Results with only position and orientation
defects
First, we generate 10 000 assemblies only composed
by position and orientation defects. As expected, all the
displacement torsors are included in the deviation domain
(Fig. 12): consequently, the non-conformity rate is 0%.

z

Rx
-4
(10 rad)

x
Fig. 9 Two surfaces A1 and A2 in contact with form error

We compute the surface-sum by adding displacements of
A1 and A2 (Fig. 10). The convex hull of this surface is the
set of all possible contact facets. The force axis selects
the contact facet allowing the identification of the
assembly SDT E1A2 of A1 from A2.

Ry
-4
(10 rad)

Tz
(mm)

Fig. 12 SDT with no form errors

4.3

Results with only form defects

The resulting SDT of the 10 000 assemblies generated
with only form defects may be observed in Fig. 13. 157 of
them are out of the deviation domain: so the nonconformity rate goes up to 1,6%.
z
x

Rx
-4
(10 rad)

Fig. 10 Equivalent error surface

Fig. 11 displays the three references necessary for
assembling surfaces with form errors. The overall
reference is the reference where the surfaces would have
been if they were perfect. The reference of the rigid
surface is the summed deviations of A1 and A2, without
taking into account form errors: the clearance ER1A2
(Difference between Rigid parts 1 and 2 at the connection
A) is then obtained for this configuration/case.
If we take form errors into account, we can determine
the contact facet attached to the reference, and get the
clearance E1A2 (Rigid and Form Clearance between parts
1 and 2 at the connection A). Subtracting the previous
clearance from this one provides the clearance due to
form errors alone: EF1A2 (Form Clearance between parts 1
and 2 at the connection A).

Ry
-4
(10 rad)

Tz
(mm)

Fig. 13 SDT with only form errors

4.4

Results with all defect types

Finally, we generate 10 000 assemblies with all defect
types and get 2576 of them out of the deviation domain
(Fig. 14). In this case, the non-conformity rate is 22,6%.

Rx
-4
(10 rad)

Fig. 11 SDT with and without form errors

Tz
(mm)

To check if these assemblies meet the specifications,
we only need to verify that the corresponding components
of all the assemblies SDT remain within the domain
June 15th – 17th, 2011, Venice, Italy
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Fig. 14 SDT with all combined defects

5

Conclusion

Assembly simulations are necessary to analyze
deviation influences on the functional requirements. We
have presented how this goal can be reached taking into
account form errors on a static mechanism. Surface form
errors are defined by the modal method. The natural
mode shapes of the theoretical feature automatically build
a geometric basis with several interesting properties as
automaticity and natural sorting of shape complexity. In
order to compute the assembly of two surfaces, we define
a filtered equivalent form error. Contact points must be on
their convex hull. The set of corresponding facets define
all the possible contact configurations. Assembly
determination is solved by a static method: the
intersection of the force assembly axis with the convex
hull of the filtered equivalent form error determines the
contact facet. Then SDT model is used to transport this
contact deviation to the functional requirement surface.
By the domain method, this result is compared to the
functional requirement domain. A simulation of a pilot
production shows a Non-Conformity Rate with or without
taking into account form errors. The supplier can use this
approach in order to better answer the customer needs
(NCR mastering at a good cost). We are making routines
in order to analyze several types of contact surfaces.
Libraries of modal shapes are being made for this
purpose.
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